1: Introduction.
The LLL-algorithm for basis reduction, one of the most important and useful algorithm in the geometry of numbers, due to Lenstra, Lenstra, Lov asz 9] can be generalized to Euclidean rings or orders. Many lattices built with codes over rings or orders have an algebraic and additive structure. We present here a new version of the LLL-algorithm which reduces a basis (or a system of generator vectors) while preserving the algebraic structure of the lattice.
We can apply it to the ring of the integers of the ve quadratic imaginary elds Q( p ?1), Q( p ?2), Q( p ?3), Q( p ?7), Q( p ?11), the Hurwitz order M and a maximal order of the quaternion algebra rami ed at 3 and 1.
The lattices can be given via a basis or a set of generators (in the case of a set of generators, this reduction avoids using the Hermite Normal Form algorithm).
Manuscrit re cu le 26 mars 1996 2: The LLL-algorithm over a Euclidean ring (or order).
First, we x some notation. We denote by A a Euclidean ring contained in a eld K: CM number eld or quaternion eld over a number eld, which can be identi ed to a vector space R m , endowed with an involution : x 7 ! x. We equip K n with the Hermitian product x:y = n P p=1 x p y p . We assume that the Norm map N : x 7 !j x j = x (x) sends K in R and A in Z.
Here, we are interested in the case where the eld K is commutative (when K is a skew eld, the notion of a determinant has no sense, but we can substitute for it the reduced norm).
De nition. where the vectors b r (1 r n) and the elements of K, r;s (1 s < r n) are inductively de ned in the Gram-Schmidt orthogonalization process 9], and the two reals C 1 and C 2 are such that 0 < C 1 < C 2 < 1.
Remarks: The constant C 2 depends on C 1 , it can be replaced by any value strictly bigger than C 1 but it must be strictly smaller than 1 to make sure that the algorithm terminates. The constant C 1 is equal to supfinffN(y ? x) j x 2 Ag j y 2 Kg and depends on the eld K 
In the following, the Hermitian norm b r :b r will be denoted by B r (1 r n). In this case, we no more have the equivalence between the conditions b) and b 0 ). So, we implemented the algorithm using the rst two previous conditions of A-LLL-reduction and the Gram-Schmidt orthogonalization process.
We give the two algorithms, the rst for a basis, and the second one for an arbitrary set of generators. G. Nebe builds a unimodular lattice of rank 20 which has an algebraic structure over M 3 , generated by 40 vectors and stable by SL 2 (41) (private communications). Using the second algorithm, we obtain a M 3 -LLLreduced basis. With the previous process, we nd a vector of Hermitian norm 12. Considering the scalar product hx; yi = 1 3 Trd(x:y) we build a lattice over Z, with a vector of norm 8. But we cannot prove that this lattice is extremal in the sense of the theory of modular forms since it might contain vectors of norm 6.
